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CHAPTER VII. 

GEOMETRICAL MULTIPLICATION. 

88. Basing our investigation on the fundamental law of combinatory mul- 
tiplication (84), let us seek the product of a non-posited point (76) and two vectors. 
The vectors are thought of as denoting merely translation a given distance in a 
given direction (See 4 — 9). Let p denote the point and a and ft the vectors. 

Suppose 

where f, and f s are unit vectors at right ang- 
les to each other. Then by 45 



Ipaft]-- 






[p*,*,]. 




Now the determinant x,y t —x i y l is the difference between two rectangles. 
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Let us seek the relation, if any exists, between this area and that of the parallel- 
ogram AOCB. We have 

OACB=OBCE- OACE=BCED-OAFE 

=i(j/, +2y 2 )x t -*(*,■+ 2x 2 )y s =x l y i -x l y,. 

The equation [p<*P]=(x,y i —x t y I )[pe 1 e i ] shows, therefore, that if pf,f s 
is taken to denote the area of the unit square the two sides of which are e , and 
f 2< P a P denotes the area of the parallelogram whose adjacent sides are a and /3. 

Now to assume that p«,f 8 is the area of the square is a perfectly natural 
assumption analogous to the theorem in geometry which says, The area of a rec- 
tangle equals the product of the base by the -altitude. Thus Grossman was led to 
define the product aft as the area generated while a moves (remaining, of course, 
constantly parallel to itself) over a distance determined by ft. 

Attaching this meaning topf,e, we think first of the point p moving over 
a distance determined by e , generating a line, and then this line moving over a 
distance determined by e t generating the square. 

In the next two articles we will drop the factor p and think of the first 
factor as a line rather than as mere translation. 

89. Similarly let us seek the product of two vectors in space. Let 

a — x i e i+3/i e s+«i e s and £=» s e i +y i f s+^ i l 3 

where «,, e 4 ; e 3 are three unit vectors each at right angles to the other two. 
Then bv 47, 



[a/*]- 






[*, *,]+ 
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Here it is evident that the first determinant coefficient is the area of the 
projection of the parallelogram whose adjacent sides are or and ft on the plane 
«,£,, and that the other coefficients are the 
areas of the corresponding projections on the 
other planes. The above equation expresses 
then, that the area of the parallelogram whose 
sides are a and ft is equal to the sum of its 
projections on the three coordinate planes 
(75). 

90. To find the product of three vectors, 
a, ft, and y. 

Ife,, e t , f, are three mutually perpen- 
dicular vectors, and 

a=x y t 1 +y % £,+z 1 e 3 , /*=*jfi+J/,* 8 +M«> r=* a «, + y 3 * a +z 3 f 3 




183 



2 3 2/3 Z 3 

Hence if [fj*j*j] is the volume of a cube each side of which is a linear 
unit, [afir] devotes the volume of the parallelopiped whose adjacent edges are 
a, fi, y, since, as is well known in analytic geometry, the determinant expresses 
the number of units of volume in the parallelopiped. In the Ausdehnungslehre 
attention must be paid to the order of the factors, i. e. to the order of generation. 
Thus (37) |>/9]=-[/9«], and [«fr]=-[«?v?3. 

It is apparent from the preceding articles that the Ausdehnungslehre is es- 
pecially well adapted for the investigation of propositions concerning the areas 
and volumes of rectilinear figures. 

91. To find the product of a posited point and vector. 

Let pp and e denote the point and vector. Following the areal interpreta- 
tion given above this product should be a line whose length is s and whose other 
dimension is the infinitesimal p, the whole fixed in position by the radius vector 

P- 

Now p(p + xe ) denotes any point on the line through pp. Then since 

[p( P +xe)e]=[ppe]+x[pet]=[ppe] (34), 

we see that the product of a posited point and a vector determiue a line segment, 
but this line segment may have any position on the vector through the given point. 

92. To find the product of two posited points. 
Let pp x and pp t be two unit points. Then 

[P(>,PP s ]=lPPi(pPs-pP\)], since [/>/> 1 .j)/' 1 3=0. (34) 

But [ppiippz— PP\)] 18 the product of a point and a vector (78) which, by 
91, is the line from the extremity of p x to that of p t . 
Thus, The product of two posited points is the line join- 
ing the first to the second. 

93. We have illustrated in the last article a 
principle which will be found to hold generally in the 
Ausdehnungslehre, viz., That the product of posited quantities which have no com- 
mon figure is some multiple of the connecting figure. 

94. To find the product of three posited points. 

Let us use p,, p t , p s to denote the three unit points instead of pp,, pp t , 
pp % as heretofore. It will be understood when p is used to denote the posited 
point pp, that'it stands for the complex quantity described in 76. 

[PiPtP>~\=[PiPtPsl (Rem. 13) =[p,Pt(Pt-Pi)], since [p,p 8 p,]=0 by 43. 
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But [p,p 4 ] is the line from p, top,, (92), and by 88 the product of a line 
[PiPsJ ail( l a vector p s —p, (78) equals the parallelo- 
gram whose adjacent sides are [p,p. z ] and [Pj2> 3 J 

Thus the product of three given posited points is 
twice the area of the triangle whose vertices are the three 
given points. (93) 

Let p, -\-Tp i +yp 3 denote any point in the plane 

o f [PxPtPs]- 

Now [p 1 p...p 3 ]=twice area of triangle whose 
vertices are p, , p s , p 3 ; but we have 

[(p,+zp 2 + 2/P 3 )(p 2 -P,)(P 3 -Pi)]=[PiP 2 P 3 ] (22, 43). 

This shows that the value of the product remains the same whatever be the 
position of the triangle [PiPiP' 3 ] in the plane of these points. 
95. To find the product of four posited points. 
Let p t , p s , p 3 , p 4 , represent four unit points. Then 

[P.l»*P s P4]=[Pi(P«-Pi)(Ps-P.)(P4-Pi)] (43 ) 

=6 x tetraedron whose vertices are p,, p 2 , p 3 , p 4 , by 90. 

Let Pi+xpj4-2/P 3 + z P4 be any point whatever. Then 

[(Pi+«Pt+SP»+«P4)(P«-J»i)(P«-Pi)(P4~Pi)]=[PiP»PiP4]- (22,43) 

Hence the product of four points in solid space is the same no matter where 
located. 

96. We have used the terms "line" and "line segment" to denote a quan- 
tity whose length and the line in which it must lie are given but not its position 
in that line. Similarly we will use the terms "plane" and "plane segment" 
(See 74) to denote the corresponding areal quantity described in 94. Grassmann's 
terms for them are respectively ' ' Linientheil" and "Flachentheil." For the 
quantity described in 95 he uses the term "Korpertheil." 

97. To find the sum or difference of two lines or two planes. 

Let [p\p t ], tp,p,] be the lines, [p^p^p^], [PtPiP*], the planes, and let 
Ps+p4= 2 P«! andpj— p 4 =«. Then 

[PiP*]±[PiP S ] = [Pi(P2±Ps)]=2[p,p/|, or [p,f], a line. (82, 91) 
[PiPfM±l>iPrf4]=[PiPi(j»»±P4)] == 2[p 1 j> t pJ, or [p,p,e], a plane. (94) 

98. To find the sum of the sides of a triangle. 

Let p/>, , pf> 2 , pi':, represent the three vertices of a triangle. Then 

[pp i .pp t ] + [pt>t-Pf'»] + b>l's-PP^=[.^P/'s-PI'i)(Pl' !i -Pf'i)^ since tPPtPl't]= - 
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Thus the sum of the three sides of a triangle equals the product of the 
vectors pp t —pp t and pp 3 —pp x . This product differs from the expression for the 
area of the triangle (94) by the absence of the first factor 
pp x . An interpretation of the expression given above 
for the sum of the sides which makes it equal to the 
area of the triangle may be had by thinking of pp as a 
generative product of p and p. Using the period to 
denote generative multiplication, we have 

p.p i .pp i =OAB ; p.p i .pp. s =OBC ■ p.p 3 .pp,=-OCA. 

TYms,OAB+OBC-OCA=p.p,.p.p i +p.p i .pp % +p.p i .p,> i =ABC. 

Remark. — By Grassmann's formulas the sum of the sides of a triangle 
equals its area, for he treats a point as that which has position only, and consid- 
ers that the product of two vectors alone equals the area described in 88. The 
use of the definition of a point given in 76 has the effect of making some of the 
theorems of this chapter depart in certain respects from Grassmann's. The 
writer thinks however that regarding a line as generated by a point in motion 
agrees well with Grassmann's conception of "generative" multiplication. 

"• IfPi'Pi'Ps'Pi'PmP* are six points, <?,, s 2 , e 3 , e 4 are four vectors 
and x is any scalar, by the preceding articles we have the following conditions: 

U) Pt =x Ps i s tne condition that points p t andp 2 coincide. 

(2) [PiP-i]= x [PzPi], is the condition that the (unlimited) lines [p x p t ] 
and [p 3 p t ] coincide. 

(3) [PiPtPsJ—xlPtPsPo] is * ne condition that the (unbounded) planes 
[PiPsPs] and [PiVsVs] coincide. 

(4) €j=xe 2 is the condition that the vectors £, and £ 8 are parallel. 

(5) |>i*!] =a; |>3*4] is the condition that the planes of [*, e 2 ] and [e 3 e t ] 
are parallel. 

100. A point is regarded as a space of the first order ; an unlimited line as 
a space of the second order ; an unbounded plane as a space of the third order • 
and solid space as a space of the fourth order. See 17 and 85. Since a vector 
may be regarded as a point at infinity, a vector also may be regarded as a quan- 
tity of the first order. See Chapter I. 

101. Relative Products. A Planimetric product is a relative product 
whose factors are in a plane, or space of the third order. A Stereometric 
product is one whose factors are in a space of the fourth order (100). 

102. To find the planimetric product of two line segments p 1 f s and p.p 
We have 

[PlP 2 -PlP3] = [PlP a P 3 ]P,- (67) 

Here [piPgp s ] is a scalar (101, 61). Thus the product is the point of in- 
tersection multiplied by a scalar. 
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103. To find the planimetric product of two parallel line segments [p t p t ] 
and [p 3 p 4 ]. 

We have, by hypothesis, p 3 ~ p t =x(p, — p 2 ) (99, (4)). Then 

iPxPi-PiPi]=i(Pi-Pi)P2^P3-P4)P i '] (49)^x[(p,-p,)p 8 .(Pi -?»)?«] (Hyp.) 
=x[(Pi~P»)P*P*](Pt-Ps) W)=l(Pi-Pt)P*P*](Pi-Pt) (Hyp.) 
=tPsP*Pi](Pi-P2) (49)=[p,l>3i'*](P8-P,)- (38) 

Hence the product is the point at infinity (the vector p s —p,) which is the 
intersection of the two lines multiplied by the scalar [pjP 3 p 4 ]. 

104. The last two articles illustrate a principle of general application in 
the Ausdehnungslehre, viz., That the relative product of posited quantities which 
have a common figure is that common figure multiplied by a scalar. See 93. 

105. To find the planimetric product of two lines and a posited point. 
Let [pip 2 ] and [p,Pj,] be the lines and p the point. Then 

[PiPz-PiPsPttiPiPlP^Pi-P] ( 13 - Rem > 67 )= r [PiPsP 3 ][P 1 P] 

since [p,p 2 p 3 ] is a scalar. (101, 61) 

106. To find the planimetric product of the three line segments [p,p 2 ], 

[PiPil.GuPd]- 

We have [p,p 2 ..p 1 jVP4p 5 ]H>iP s P 3 ][Pi -PiPs] (67)=[p,P 2 P 8 ][PiP4p 5 ] 
(55). 

Corollary. If the three line segments are the sides of a triangle we may 
write [PiP 3 ] instead of [p 4 p 5 ]. Then the product is [PiP t p s ]*. 

107. The following general principle is illustrated in the two preceding 
articles : If at any time the product of factors combined in regular order from the 
left gives rise to a scalar or to a scalar times an extensive quantity, this scalar is to 
be regarded as a. simple numerical factor, and the extensive quantity part of the 
product, if there is such, is to be combined with the remaining extensive factors, and 
so on. Such products are described as mixed, i. e. as both progressive 
and regressive. (61) 

108. The stereometric products of a line and a point and of two lines are 
commutative ; but that of a point and a plane is non- commutative. 

Let £, denote the line [prf^], L t the line [p s p 4 ], and P the plane 

[P»PsP*3- 

[iiP»]=[PiP*-P»3=[PiP«P*]=[Ps-PiPs] (40, 55)=[p 3 L,] ; 
[L 1 £, 2 ]=[p,p 2 .p 3 p 4 ]=[p,p s p 3 p 4 ] (55)=[p 3 p 4 .p,p 2 ] (40, 55)s[L,I t ]; 
[i > p 4 HP,P 2 P3P 4 ]=-[P4'P 1 p2P3] (40, 55)55-[p 4 P]. 

109. To find the stereometric product of two non-incident plane segments 
[PiPtPs] and [PiPsPJ- 
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Wehave [p l p 2 p 3 .p l p 2 p 4 ] = [p 1 p 2 p 3 p 4 ][p,p 4 ] (67). See 104. 

110. To find the stereometric product of three plane segments [p,p 2 p 3 ], 
[PiPiPi]i LPiPsP*] which intersect inp^. 

\$xVtVi-ViV i Vi-VyVzP^iv^iPzPA{ViPtPxPzP^W)=[p, Vi p % p l Yp 1 (67). 

111. To find the stereometric product of a plane segment [p,p s p 3 ] and line 
segment [p,p 4 ] which do not lie in the same plane. Is the product commutative? 

We have [p 1 p 2 p 3 .p,p 4 ]=[p,p 2 p 3 p 4 ]Pi ( 67 ) ( See 104 )- 
Also, [p ) p 4 .p,p ! P3] = [PiP<Pi!Pi]Pi W)=\PiPiPiPt\Pv ( 4 °)- 

112. The stereometric product of two line segments [p,p s ] o.nd [p 3 p 4 ] 
equals zero when and only when they lie in the same plane (55, 95) ; the stereometric 
product of two quantities of the first, second, or third orders, but not both at the 
same time of the second orders, equals zero when and only when the quantities are 
incident, i. e. when one falls in the space of the other ; as two coincident points, two 
plane segments if the planes coincide, a point and a line- or a plane-segment if the 
point lies in the line or plane, a, line segment and a plane segment if the line lies in 
the plane. 

113. Algebraic Curves and Surfaces. The equation of a variable point p 
which lies in the same straight line as [p,p s ] is [p PiP s ]=0- (112) 

1 14. The equation of a straight line L which passes through the intersection 
of L i and L % and lies in their plane is [L 1 L i L]^=0 where [L 1 L 2 L] is a planimet- 
ric product (See 106). 

115. If P n ,p is a planimetric product of order zero which contains the vari- 
able point p, n tim.es and besides only constant points and lines as factors, then 
P n , p =0 is the point equation of an algebraic curve of the nth order, that is to say, 
the point p moves in an algebraic curve of the nth order. 

Proof. Let p,, j> 2 , p 3 be any three points in the plane. Then 

P=XxPi+TiPt+x»P» 
may be any point in the plane.. Substituting this value of p in P„,j>=0 there 
results a homogeneous equation of the ?tth degree in z t , x 2 , x 3 whose terms are 
all of the form Ax" 1 x l ' 2 x c % where a-\-b-\-c=n. A is the product of constant lines 
and points, and since this product is by hypothesis of the zeroth order, A is a 
constant. Regarding x t , x 2 , x 3 as trilinear coordinates, we see that P„ tP ^=0 now 
becomes an ordinary cartesian equation for a curve of the nth order. 

116. As an example we give a proof of Pascal's Hexagram Theorem. 

Let Pj. . . .p 5 be five given points and p a var- 
iable point which moves so as to leave p' s on the line 
[p'iP's]> Pi> P's> Pi being defined by the following 
equations: p' 1 =[pp 1 .p 3 p i ]; p' 8 =[p 2 P 3 PiP4]; p\ 
=lPPfP t Ps]- ttPPi-P.*P s )<-PiPs-PiP t )(PPfPiP ll )']=0 
is the equation of a conic passing through the five 
given points. For it is of the second degree in p and is satisfied by putting p 
equal to any one of the five given points. By changing points into lines in the 
above we have Brianchon's Theorem. 

[To be Continued. 1 




